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p | Abstract 

^ ! String equations related to 2D gravity seem to provide, quite naturally and 

systematically, integrable kernels, in the sense of Its-Izergin-Korepin and Slavnov. 
Some of these kernels (besides the "classical" examples of Airy and Pearcey) have 
already appeared in random matrix theory and they have a natural Wronskian 
Q_r structure, given by one of the operators in the string relation [L ± ,Q ± ] = ±1, 

fH ! namely L ± . The kernels are intimately related to wave functions for Gel'fand- 

Dickey reductions of the KP hierarchy. The Fredholm determinants of these 
kernels also satisfy Virasoro constraints leading to PDEs for their log derivatives, 
and these PDEs depend explicitly on the solutions of Painleve-like systems of 
■ ODEs equivalent to the relevant string relations. We give some examples coming 

from critical phenomena in random matrix theory (higher order Tracy-Widom 
^-j. | distributions) and statistical mechanics (Ising models). 
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1 Introduction 

String equations have been introduced in the context of (p, q) minimal models 
coupled to gravity by Douglas [16] in 1990; their connections with different areas 
of the theory of integrable systems have been studied, after Douglas himself, 
by many different authors, see [15] and references therein. Kac and Schwarz, 
in particular, related string equations to the Sato's Grassmannian formulation 
of KP theory [THl EE], while Moore provided analogous connections with the 
matrix Lax formulation of Drin'feld-Sokolov hierarchies and, more importantly, 
with the theory of isomonodromic deformations [2U 125] . More recently, some 
connections between the whole set of (p, q) string equations and the scaling limit 
of Christoffell-Darboux kernels in multi-matrix models have been suggested in 

The purpose of this paper is to show how the basic KP integrable structure 
behind string relations leads to PDEs for the log of the Fredholm determinants 
of intrinsically associated kernels, the PDEs themselves containing explicitly the 
solutions to the "Painleve-like" equations derived from the string relations. To 
be precise, consider the string relations for the following differential operators of 

1 Curiously enough, while the connection between the scaling limit of random matrices and 
string equations is known in the physics literature since the nineties, we are unable to make ref- 
erence to any work giving, even conjecturally, the general form of the scaling limit of Christoffel- 
Darboux kernels in terms of the aforementioned string equations. 
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orders^] » and q (relatively prime) in D := — : 

ox 



[^t 9 ,QJtJ = ±1, (1-1) 

£ p 1t 9 :=^+XX£\ QiT q --=i2 T p+44k) > ( L2 ) 

i=0 £=1 ^ ' + 

where T q := (T p+ i, . . . ,T p+q ) are some constants, £~ T is the formal adjoint of 
£p. Tq and analogously for Qp. Tq - 



As it is known in the context of isomonodromic deformations [22] , these string 
relations are solved in 6q , . . . , #j~_ 2 by a "Painleve-like" system of ODEs of the 
formal 

vU m [5H r ; SHf \ , s 



where 



v 

"tr" denotes the Adler's trace [1] 

tr (j^ciiD 1 } := D- X a- X , 

and n is the generic solution of the equation = ej, where J\ is the (p — 
1) x (p — 1) matrix giving the first symplectic structure of the Gel'fand-Dickey 
hierarchy (see Section 2.1). 

Now denote with ^t-rr the KP wave functions associated to the differential 

Pi 1 q 

operators £^-iy satisfying the eigenvalues equations 

£± T9 (x,t;z)^(x,t;z) = ^ T4 (x,t;z) (1.5) 
together with the following asymptotic conditions at infinity 

V± Tq {x,t;z) = e^+^So*** 4 ) (l + o(±y\ (1.6) 

2 In this paper the role of p and q have been interchanged with respect to the usual convention 
in physics literature (see for instance |16j). We apologize for the inconvenience, but we preferred 
to remain consistent with the notation adopted in [2]. 

3 Of course analogue formulas can be written also for the variables 6q , . . . , 0~_ 2 - 
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and additional equations describing the evolution with respect to t := t 2 , t 3 , . . .) 
(see Section 2.1). The wave functions above, together with the string relations 
(II. ip . lead quite naturally to a Wronskian kernel (see ( I3.12p ) defined by the equa- 
tion: 

DK P £<(\,\'):= (1.7) 

WM^af) (£+ Tg $+ Tg (x,t;A^)) -s+^fotiV?) (£; ;T9 $; ;Tg (x,t;AF; 

i(A' - A) ' 
The $^x, are properly renormalized wave functions, namely 

3±T,(x,t;z) := 1 e *S?=iifeWg,± ( g ,t;g). (1.8) 
y±27rp,z p 1 

Using this integrable picture (namely combining the KP bilinear equations with 
relevant Virasoro constraints) we show, giving several physically-relevant exam- 
ples, how to derive non-linear PDEs for the log of the Fredholm determinants on 
L 2 (R): 

det(l-27i f i X EK^ Tq \\,\')) , (1.9) 

where E is a collection of intervals with endpoints {aj}[ =1 and xe is its indicator 
function. These PDEs will depends on the parameters x, the non-zero t$, the 
constants T q = (T p+1 , . . . T p+g ), and also on the operators 

i=i 1 i=i 1 

and the variables 9$,..., 9 p _ 2 satisfying the Painleve-like ODEs (jl.3p . Such Fred- 
holm determinants arise naturally in random matrix theory. The simplest case 
is for q = 1; it has already been considered (for p arbitrary,) in [2]. Indeed, for 
(p, g) = (2, 1) and (p, g) = (3, 1), the kernels (11.71) correspond to the Airy and the 
Pearcey kernel respectively. As we will show in this paper, the case (p, q) — (2, 3) 
has been considered in [12] and the generalization for p = 2 and q arbitrary in 
[TTj . At the moment we are not able to give a "physical" meaning to all the 
kernels defined by (11.71) or in particular their Fredholm determinants, but it is 
just natural to relate them to the (p, q) kernels described in the introduction of 
[9] and conjecturally associated to critical phenomena in multi-matrix models. 
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For example, consider with Claeys and Vanlessen [12] the unitary random 
matrix model with probability measure 

_L e -nTrV(M) dM (Ln) 

where V is a polynomial such that, in the large n limit, the density of state p 
behaves at the endpoint of an interval xq like p ~ c\x — £o| 5 ^ 2 - This is achieved 
by setting 

V(z) = ^ - ^ + \z 2 + \z + az + P(z 3 - 6z) (1.12) 
20 15 5 5 

and letting n — > oo, a, (3 — > in such a way that that n 6 ^ 7 a — > CiX, n 4 / 7 (3 — > C2t, 
for some constants Ci, C2, with x and t being parameters. Then the usual 2-point 
correlation kernel K n (x,y) (Christoffel-Darboux kernel) has a universal limit, 
namely 

lim —zK n ( x + -^j,x + ) = K {1 \u,v;x,t) = iKl 2 J^ 5 \u,v) (1.13) 

with T 5 = (-t/2, 0, 0, 0, 1/30) and K {2 f 5 \u, v) is given by (TTTD (see section 4.1). 
By Proposition 15.31 this leads to the following PDE for the log of the Fredholm 
determinant: 

U(E,x,t) := logdet(l - 2TxpK {2 ^ b) X E ), 

namely 

{Q0dd x U+30tdlU-6d 2 U+d t d 2 x U+QdlUd x d t U+Qyd x d t U,dlU} + Q(d 2 x U) 2 d t y = 0; 

(1.14) 

with y = y(x,t) the solution to the Painleve equation PI 2 (the second member 
of the Painleve I hierarchy) , nameljfl 

11 1 1 

Q y3 + YA^ 2 + U y9 * y + 240^ ~ ty + X + ° = °' 

(1.15) 

1 2 1 

y(x,t) = =f (6|x|) 5 =f 63t|x|~s + O , x ±00. 

More generally Claeys, Its and Krasovsky in [IT] have considered the case where 
p ~ c\x — XQ\^ k+1 ^ 2 at the endpoint. In this case one should set 

2k-l 

V(z) = V(z) + <*M(*)> (1-16) 

3=0 



4 The case of [12] would correspond to c = and E = [s, 00). 
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with n — y oo, otj — > appropriately. Then the 2-point correlation kernel K n is 
conjectured to have a universal limit 

lim —^K n (x + —^g-, x + — ^-) := K^(u, v; x, T 4fc+1 ) = iK^ ik+1 \ 

(1.17) 

with T 4 fc + i = (T 3 , 0, T 5 , 0, T 7 , . . . , T 4 fc +3 ). The methods of section 5 would lead to 
a PDE for det(l — x\s,oo)K^ k \u, v; x, T^+i)), depending on the parameters x, s, 
some of the T 2 j + i and the variable Qq(x, T 4 fc + i) satisfying the equation (belonging 
to the Painleve I hierarchy) 

2fc+l 



2^T 2i+1 a, i (^)+x = (1.18) 



where Uj are the Gel'fand-Dickey polynomials defined in (j2.45p . Very interest- 
ingly the results obtained in [11] have been rederived recently [5] using the Lax 
operators related to orthogonal polynomials and their asymptotics in the double 
scaling limit. 

The following two examples come from matrix models and statistical me- 
chanics; both of them are taken from (15] and they relate Ising models to some 
multi-matrix models. First consider the so-called critical Ising model, which has 
a realization as a two-matrix model possessing the string relations 

with T 4 = (0, T 5 , 0, 1) and with 

£+ T4 = ((D 2 -u)l) + + lw = D s -luD + l(2 W -u'), 

Qt,T 4 =(<| 4 ) + + T 5 (£ 3 4 ;| 4 ) + . (1.19) 
Then u and w are a solution of the Painleve-like system of equations 



^w" - ^uw + ^T 5 w + t 2 = 0, 



1 (iv) ^ „ 3 , 2 1 3 1 , 2 l/\ i ^ 2 
^ > — — 1 1 1 1 — lit \ ~L — it — — -kit — ii \ -L — in 



1.20) 



-u x ' — -uu — —— I u 



-m - -T 5 (3u 2 - u") + -w 2 + x = 0, 



I 12 4 16 v ' 4 4 v '2 

and it is a consequence of Proposition l5\4l that the log of the Fredholm determinant 

V(E,x,t 2 ) := logdet(l - 2it j jK { ^ Ti) X l 



satisfies the following PDE involving u and w (set <9j := ^-): 
3T 5 d 2 d x V -3dd x V + dld 2 V + Q(dlV)(d x d 2 V) -12u(d x d 2 V) + QwdlV = 0. (1.21) 

The last case we consider is related to the so-called tricritical Ising model (see 
again [TS] and references therein) and is expressed via the string equation 

[■^4-Ts' Q^t 5 ] = 1> 
with T 5 = (0, 0, 0, 0, 1) and with 

£+ T5 = (D 2 - uf + wD + Dw + v, 

(1.22) 



'4:T 
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with u, v and w satisfying the Painleve-like system of equations ( I4.16p . It is a 
consequence of Proposition 5.5 that the log of the Fredholm determinant 



W(E,x,t 2 ,t 3 ) := logdet(I - 2n^K { x '^ 5) X E 



satisfies the following PDE depending on u, v: 
-dlW - Ad 2 W + 2d 2 x d 3 W + 12 (d 2 x W) 3 + 6 (d*W) (d 2 x W) + 12 {d 2 x W) {d x d 3 W) 

Of} 

-78u (d 2 x W) 2 - 12u(d^W) - 24u(d x d 3 W) + (9v + 72u 2 - 18u") d 2 x W = —dd x W. 

(1.23) 

The PDEs ffl~Ti|) . ffL2T|) and ffl~23|) are new. The technique used to derive the 
PDEs, given in section 3, is a generalization of the methods of [U [2]. Section 

2 contains a quick review of KP theory from [131 [TJ| and [U El 12], plus a quick 
discussion with proofs of needed facts from the theory of string equations, since 
it is not easy to find actual proofs in the literature (see also [21]). In section 3 we 
introduce the (p, q) kernels, put them into a useful Wronskian form (showing en 
passant that they are integrable kernels in the sense of [17]) and, moreover, derive 
the Virasoro relations we shall need to derive the PDEs. Section 4 provides the 
examples we discuss in the paper and finally in section 5 we derive the PDEs for 
the log of the Fredholm determinants involving the kernels coming from section 

3 restricted to our examples of section 4. In this paper, as opposed to [2], we 
choose not to state a general PDE theorem, but rather explain a general method 
and implement it in a few well chosen examples. Given the diversity of string 
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relations, that seemed the most transparent way to proceed. 

There are certainly many open questions remaining, here we present a list of 
the most important ones. 

• It would be nice to use the PDEs to derive useful asymptotic information 
about the Fredholm determinants, but that would probably require some 
insight into the solutions of our Painleve-like equations. 

• The theory of Eynard-Orantin symplectic invariants have been applied to 
the study of integrable kernels in many different articles [9j EJ [22j [10]. Nev- 
ertheless, till now, just the case of hyperelliptic curves (and related (2 x 2) 
Lax systems) have been studied. An interpretation of our kernels in terms 
of symplectic invariants could give some insight on the asymptotics of the 
Fredholm determinants (see previous point), as it has been done for the 
Tracy-Widom distribution in |10j . 

• In [TT] the authors proved that the Fredholm determinants related (in our 
language) to (2, q) string equations are all expressible in terms of the so- 
called Hasting-Mc Leod solution of PII, already appearing in the expression 
of the Tracy-Widom distribution. In would be extremely interesting to re- 
derive their results with the formalism presented here. After the first version 
of this article appeared, the results obtained in [TTJ have been rederived in 
[5] using the Lax formalism. As noticed by Akemann and Atkin, their work 
give a partial answer to this question that deserve further investigations. 

• The physical significance of the Fredholm determinants going with the Ising 
models is, to our knowledge, not known. More generally it would be in- 
teresting to find the physical significance of the whole class of kernels we 
introduced. This appear to be an ambitious project, since even for the (p, 1) 
cases presented in [2], this result has not been achieved. 

• We do not know (as it is customary when differential equations are ob- 
tained with the method developed in [U[2]), if our PDEs posses a (properly 
formulated) Painleve property. Also a Lax formulation of these PDEs is 
missing. 

2 KP theory and (p, q)— string equations 

The basic tools we will need from the theory of integrable systems is the Sato's 
Grassmannian description of the KP hierarchy, Gel'fand-Dickey reductions (see 
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for example [13], HU El [23]) and their relations with the solutions of the so-called 
(p, q) string equations, i.e. equations of type 

[T> p ,T> q ] = l, (2.1) 

where T> p and T> q are differential operators of order p and q (see for instance 
[26 [ [25l 124"] and references therein). In this section we briefly recall the notations 
and some results we used in [2] and add (in the next two subsections) some facts 
related to the equation (12.11) . 

The KP hierarchy is a (infinite) set of integrable PDEs for a function r(t) 
depending on a (infinite) set of variables t := (ti, £3, . . .). The whole set of 
equations is encoded in the famous bilinear identity 

r(t - [z- 1 })^' + [z-^fPrto-W = 0. (2.2) 

In the expression above we denoted [z] := (z, z 2 /2, z 3 /3, . . .) (and similarly for 
z^ 1 ); the equations of the hierarchy are obtained expanding the integrand as a 
formal Laurent series about z^ 1 = and then taking the (formal) residue about 
z = 00. 

The hierarchy can also be written in Lax form as follows. Let us start setting 

. / d 1 d 1 d \ . > 
t := t + x ei = (x + tl , t 2 , t 3 , . . .), d t := --, --, . . . j (2.3) 

and denoting with Pi(t) the classical Schur polynomials defined by: 



c 

i=0 

we also define the wave operator W = W(t) 



' = 5iy ft (t); (2.4) 



W := fc^eg^ = (Y P *-*\ TCt) D-A e^T^. (2.5) 
r(t) ^ r(t) ^ 

Denoting with if* the formal adjoint of a given pseudo-differential operator 
(the formal adjoint acts through the formula {a{x)D^)* := (— DYa(x), j 6 Z 
and linearity) we can define the wave function \& + and Lax operators L + , M + 
together with their adjoints (denoted with the minus sign) 

L+ ■= WDW~\ M+ := WxW~\ ^+ := We xz 

(2.6) 

L~ := {W- l )*(-D)W\ M~ := (W^YxW*, := (W~ 1 )*e-^. 



One should think of and M ± as the "dressing" of ±D and x while the wave 
functions ^ are "dressing" of e ±xz ; this leading to the following relations, which 
result from "undressing" the operators and functions, to wit: 

L ±^± = ^± M ± V ± = ±-^V ± , [£±^=±1. (2.7) 

oz 

Equations (I2.6p . together with the bilinear identity (12. 2p . gives Sato's formula for 
the wave function and its deformation equations^ 

^(t; z) = A**^***) T(t T }-~ 1]) , = ±(L ±J ) + vl/±, , 6Z+ , 

T(t) C/tj 

(2.8) 

and these deformations, finally, give as compatibility conditions the Lax equa- 
tions: 

|-L ± =[±(L ±i ) + ,L ± ] zGZ + , (2.9) 

leading to the famous KP equation describing shallow water waves in R 2 for 
9 = J^ lo g r 00> with (*2,*s) = (y,t): 

Qxxxx + 12g^ + I2qq xx + 3q yy - Aq xt = 0. 

Following Sato we associate, to any KP solution, two subspaces W in Sato's 
Grassmannian of vector spaces spanned by a formal basis of the form 



z s * 



'^^a i jz j J > , Si — i eventually 



i>0 



through the formula 

W± := span^ZJ'^foO;*)}; (2.10) 

these linear spaces W ± are t-deformed by the KP flows via 

W ± (t) =e T ^~i* i2i W ± . (2.11) 

We also need, in the sequel, the following mapping from ^-operators A to x- 
operators Va given by 



5 Here and below L 1 means (L ) l and not L to the power —i (on the other hand we did 
not introduce any operator L), while, given a pseudo-differential operator A := ^ZjOi-D 1 , we 



denote A + = J2i>o a i D \ A ~ = A - A + . 
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-oo<i<oo j>0 



: = E E^'(-^)'^ = E^(^)w^= :7? . 

— oo<i<oo j>0 i,j 

(2.12) 

where the equalities are proven using (12.71) . The following implication follows 
from (I2.12p and relates the invariance properties of W ± with regard to differential 
operators in z to properties of the associated differential operator in x. 

A + W + c W + ^ VX+ = CPt + )+ ^ A~W C W~. (2.13) 



2.1 p— reduced KP— hierarchies and (p, g)-string equations. 

The KP hierarchy contains, as reductions, the so-called Gel'fand-Dickey hierar- 
chies, which we shall refer to as the p-reduced KP hierarchies. The following 
lemma is well known and it has been already proven, with this notation, in [2J: 

Lemma 2.1 Let p be a non-negative integer. Given a point W + in the Sato's 
Grassmanian and let L + and r be the Lax operator and the tau function of the cor- 
responding solution of the KP hierarchy. The following conditions are equivalent 
and are conserved along the KP flows. 

1. z p W + C W + 

2. L + p = (L + p) + 

3. r does not depend on t np for any n > 1, modulo a removable factor of the 
form e^^i c " tnp . 

This lemma leads us to the following definition: 

Definition 2.2 The p-reduced KP-hierarchy is the KP-hierarchy supplemented 
with one of the (equivalent) conditions 1. 2. or 3. of Lemma \2.1\ 

In the case of p-reduced KP hierarchies the relevant Lax operator, rather then 
being L + , is its p th power L +p , since the latter is a differential operator. Indeed, 
upon using the Lax formulation of the KP hierarchy and setting 

£ ± := L ±p , 
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one finds equations 

£±^± = Z P^±^ = (±£±i/P) + ^r± j j G Z+ (2.14) 

and their compatibility conditions give the Lax formulation of the p-reduced KP 
hierarchy: 

f)r± 

— =[(±C±^) +J C], *GZ + . (2.15) 

In [2] we used, in order to develop our theory, some particular solutions of p- 
reduced KP hierarchies satisfying an additional invariance property. Let's start 
defining a z-operator 

it is easy to check that Ap satisfies the following condition: 

{A±(z),z?] = ±l. 

The operator A v is sometimes called the Kac-Schwarz operator after the seminal 
paper [18]. As a matter of fact it determines uniquely, by invariance, a unique 
point in the Sato's Grassmanian corresponding to a solution of the p-reduced 
KP hierarchy, as specified in the Theorem below. Parts of this theorem already 
appeared in [18] and |3], but perhaps with sketchy proofs for the case p > 2; in 
[2] a complete proof can be found. 

Theorem 2.3 The invariance conditions 

z p W + c W + , A+W + c W + , (2.17) 

determine uniquely a plane Wp G Gr, which moreover uniquely determines W~ G 
Gr by the relations 

z p W~ C W", A;W- C W". (2.18) 

The Wp are linearly generated by the eigenf unctions (p^ of the operators (Ap ) P , 
namely: 

V^ = span i>0 {(^)Vj} (2-19) 



with 



oo + 

or 



i * 
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the latter which uniquely determines <Pp(z). 

The corresponding p-reduced KP wave functions *&^(x,0;z) are then uniquely 
specified by 

*J(0,0; = 

(2.21) 



A£(z)Vf(x, 0; z) = ±^}(x, 0; z) 



Given our subspaces W p we want to move them along the KP flows so to get 
solutions of p-reduced KP equations nicely related to the string equation (I2.1jl l^l 

Definition 2.4 Let g 6 N and T q := (T p +i, . . . ,T p+q ) e M. q a vector such that 
T np = 0, Vn > and T p+q ^ 0. Given uniquely determined by the invariance 
conditions fi2.1ty , fi£.18\) we denote the KP-time deformed subspaces W p . T by 

K,T q ■= e ± ^ zP+1 ^- i*i W + e W ± (2.22) 
Note that, in this setting, W p = W* (1) . In the notation of f l2~TTTl 
W p 1t 9 = >V*(t), with t p+i = ~?—AT p+e - St,i), l<i<q, U = otherwise. 

In the following we denote with C^. T the Lax operators, as in (12.141) . correspond- 
ing to these subspaces through the Sato's theory. The following theorem is a 
generalization of a result in [2], which itself was based on the constructions in 
[T8] . For a further study of the manifold of string relations, one should consult 
the paper 



Theorem 2.5 The subspaces ~W p . Tq satisfy the invariance conditions 



^.cMjr,, A=tXt b C>V^ (2.23) 

p — 1 



with 



i=i y y 

The corresponding Lax operators satisfies the string equations 

Q%T q \ = ±1, ^th Q% Tq : = £ T p+ ,(£^) + . (2.24) 



£=1 



6 This process, at the level of tau functions, corresponds to merely shifting t, hence the choice 
of an origin in t is relevant to this paper. 
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Here again observe that, in analogy with the notation adopted for the subspaces 
W* T ,, we have A± = A± {1) . 



Proof: In (I2.23P just the second equation needs to be proven. We observe that, us- 
ing straightforward computations, the following commutation relations are easily 
verified: 

A± Tq e^ zP+1 ^U i?, W 1 = e ±^ +1 ^U U± (1) . (2.25) 

On the other hand, from the previous theorem, we already have 

so that using (l2T25l) - (l2~26|) together with the definition fl2T22|) of W± x we get 

= e ±p+i 2 T2^ =lp+ ^ P+ ^ ^± >V± c e ± p+ 1 ^=1^^+^ yy± yy± 
Now we have to prove the string equation. Using f l2.23f) combined with (I2.13p . 



we get V 



A 



p;T„ 



V 



A 



P;T, 



±1 



v4 ± z p 



, hence^: 



.4 



V 



£=1 



(p-1) />± 

2p v ^ T *. 



^Tg) Vp;T, 



where in the first and second line we have used (12.121) and (12.131) . ■ 

The string equations (12.241) can be written as compatibility conditions for a 
Lax system. Let us define the normalized wave functions and wave vectors: 

p;t 8 < 
T 



±2irpzP- 1 

x,t-z) := ($J T9 , J D$J Tg ,...,^- 1 $J Tg ) 



e ±ELi^W p+ ^± To ( X) t;^); (2.27) 

(2.28) 



7 Here A/^ T denote the Lax operators associated to Wpp via equations (|2.6[) . 
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where ^^. T are the wave function canonically associated, through Sato's theory, 
to the subspaces W p;T<j (so that in particular ^ p .n\ = )■ Let us also set 

i=0 



Theorem 2.6 The normalized wave functions & P -T q ! satisfy the relations 

d 



><f>± n± (T)± 

P;T 9 ' V K T,%;T, 



whose compatibility conditions are the string relations {2. 2$ 



(2.29) 



±1. 



(2.30) 



T7ie relations A2.29\) are, in the usual fashion, equivalent to the first order system: 

d 



P, J-ij Pi- 1 -? 7 



Here 



u~- 



Pi - 1 9 Pi - 1 9 



o 



(2.31; 



o 

z p -9$ -Of 



1 





(2.32) 



and V pT are some p x p matrices whose coefficients are polynomials in the vari- 



q-l 



+ 1 in z v , com- 



ables |z p , D k 8f; k > 0, 1 = 0, . . . ,p — 2}, of degree at most 

pletely determined by Qp b -T q - Consequently their compatibility relations are written 
in the form 

± JLu± - DV± 



d{ z py " p;T < 

Relations \2. 29\) or \2. 33\) . along with the asymptotic relation as z — >■ oo : 



(2.33) 



$± (a?i o; Z ) = 1 e ±(*«+n =1 ^ A + c (T) y (2 34) 
' 9 v /±27rp^ i V v^yy 

characterizes $^ T9 (x, 0; z) as an asymptotic series and through \2.2Tty uniquely 
determine of \2.22\) , and hence C^. T and Qp. Tq - 
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Proof: Let us temporarily denote 

The first equation in (12. 29ft comes from the equality 

observing that C^. T acts trivially on C ± (z). The second equation comes from 
the following equalities: 

1 d \ ^ ( , 1 d 



-pzP- 1 dz J $ ^ {^pzP- 1 dz) C± ^p^ 



E^^rJ ^(^^T, j = Ofer*«T,. (2.35) 

where in (z) and (Hi) we used the mappings (I2.12p . and in (ii) we used ( 12 . 1 3[) 
together with f[2T23"j) . 

The first equations in (I2.29P and (I2.3ip are clearly equivalent. In order to prove 
the equivalence between the second equations in (I2.29P and (I2.3ip we observe that 
the one in (I2.29p is of the form 

± a^)^=i2^ Di ^ (2 - 36) 

v > j =0 

where are differential polynomials in the variables {0 , . . . , p __ 2 }- Then, using 
the first equation in (12.291) . for any j we can write D^^. T as a linear combination 
of , • • • , -D P ~ 1 $^ T } with coefficients in the variables 

{z p , D k 9f] k>0,£ — 0,...,p — 2} so that flQj) can be rewritten as 

15 



for some polynomials w^-j in the variables {z p , D k 9f- k > 0, £ = 0; . . . ,p - 2}. 
Acting on (12.371) with D and then using again the first equation in (12.291) . we 
find in the same fashion as above 



± 



<9 



j=0 



,P - !> 



where again Wk-j are polynomials in the variables D k 9f; k > 0, £ = 



(2.38) 



9 



P-l 
9 



1i) 



± \P-1 
k,j)k,j=0- 



2} of at most degree 

second equation of (12.31)) with V^. 
Finally note that relations (12. 29ft at t = amount to 

and 



+ 1 in z p . Equations (12T37]) . (12T38|) gives the 



z,0;s), 



(2.39) 



(2.40) 



this latter coming from (I2.35p . The two equations (12.391) and (I2.40p completely 
characterize ^ p . T (sc, 0; z) as an asymptotic series such that \& T (x, 0; z) = 1 + 
C(^) for 2 — > oo, while (x, 0; z) characterizes by (I2.1UI) and hence 

£-%T q an d Qp;T q , yielding the assertion after (12.341) . ■ 

Remark 2.7 We have shown in the proof, using \2. 8\) . that 







± 



d_ 



Now, given a pseudo-differential operator A = ^aj-D 1 , recall 

tr(A) := L> _1 a_i. 



Then, remembering 



we set 



P-2 
i=0 



'0 5 • • • 5 



(P) ._ ^ tr£ + ^ 



P + 



p;T, ' 
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and 



R 



ip) 



5H, 



ip) 



5H 



ip)' 



the latter being variational derivatives. Note that by the first symplectic struc- 
ture, we have p] 



,hR 



(p) 



r p 

jL^ „ . rp 



c: 



The well-known Lenard relations [T] are used to recursively compute Re through 
the relation 

7 E)(P) _ T d(p) 

where Ji and J2 are the (p — 1) x (p — 1) matrices of the differential operators 
defining respectively the first and second symplectic structures of the p-Gel'fand- 
Dickey hierarchy PQ. Now let n be the most general solution to the system of 
differential equations 

J in = (l,0,...,0) T . 

We can now state: 

Proposition 2.8 The string relation in \2.2J$ 

takes the following form of "Painleve-like" differential equations for the vector 

0+ : 



'0 1 ■ ■ ' 1 "p 



0p_ 2 ); namely 



Y.Tp+iR? + n = 0. 

i=i 

Proof: The string relations take the form 



(2.41) 



■p+z 



1=1 



+- 



1 + y^Tp+^Ji-R^ = Ji I n + ^ T p+e R 



(p) 



(2.42) 
(2.43) 



£=1 



£=1 



hence 



^T p+ ^ p) + n = 0. 



1=1 
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2.2 An example: p = 2. 

Let's consider the KdV case (p=2). In this case, given any solution of the KdV 
hierarchy, its Lax operator C + is self-adjoint, hence we are dealing just with one 
operator that we will denote as 

£:=£+ = £- = D 2 + 2y, y := d 2 Jnr (2.44) 

We will write the "Painleve-like" equations ( 12.4 ip for the cases T 2 q_i = (0, 0, . . . , 1) 
(all the other ones can be deduced by linearity). The equation (I2.24p is very con- 
veniently written introducing the universal Gel'fand-Dickey polynomials ujj(y) 
defined by the equations 

JiR$ +1 = (c j+ ^ + ,jC :=2Du j+1 (2.45) 

(2) (2) 

and determined recursively by Lenard's recursion JiR 2 - +l = J 2 R 2 j_i ■ 

cu = 1, Dcu j+1 = Qd 3 + 2yD + A Uj . (2.46) 
Indeed, using equation (I2.45p . we can rewrite (I2.24p as 

2DUq = -1 

so that, integrating once, we get the equations 

2u q (y) + x + Cg = 0, q>l. (2.47) 

where Cq are constants. The first few equations, using ( 12.461) . read (denoting with 
a prime the derivative with respect to x) 

q=l: 2y + x + c x = 0, (2.48) 

q = 2 : 3y 2 + -y" + x + c 2 = 0, (2.49) 

q = 3: 5 2 / 3 + ^ // + ^(y') 2 + ^ (w) + ^ + C3 = 0. (2.50) 
More generally, for Q 2; t 2(? -i = Yfj=i T 2j+i {^^^ > satis fi es 

2Y,T 2j+ iUJ j (y) + x + c = 0. (2.51) 



8 Universal means that they do not depend on the particular solution 6 of the KdV hierarchy 
we are dealing with. Here Ji = Z?, J2 = jD 3 + 2yD + y' and R^j+i = 2wj+i. 



The equations (I2.47P are known as the so-called "Painleve I hierarchy" (see for 
instance [201 ESI EI] and, for the same approach as the one we used here, 
where the same equations are called massive (2q — 1,2) string equations). 
We now exhibit U and V2 ; T 2 g_i (f° r T^2q-i given above) as in Theorem 12.61 



U 



1 



z 2 -2y 



, V, 



2;T2q-i 



2 U q-l 



Ug-1 



(z 2 - 2y)u q . 1 - \u" \u' 



(2.52) 



where Uq := Z~2 9 j=o z2 ^ 9 u j(y) anc ^ u j are the Gel'fand-Dickey polynomials de- 
fined in (gag) - 

The matrices [/ and V2 ; t 2? _i m (12.52ft give the standard Lax pair for the Painleve 
I hierarchy (12. 47ft in the form 







d(z 2 

The first few matrices V^t^-i read 
1 
z 2 -2y 



(2.53) 



^2: 



2;(i) 



2;(0,0,1) 



y_ 

2 



z 2 + y 



L ^ 4 - ^ - 2y 2 - \y" v i 



V: 



2;(0,0,0,0,1) 



f(y) 



-yz 4 -( y Y + j)z 2 -3y 3 - zyy" - '^y') 2 - -S" 



- 4 + z 2 y + \y 2 + \y" 

yv' + W + \y"' 

.a _r..i\ 
2 



(2.54) 



z -yz 



y , y 



2 4 



+ V z 2 + 2y 3 + -yy" - -(y'f + x + c 3 



(remark that in the last equality we used (I2.50p ). More generally, by linearity, 
for arbitrary T 2 q„i = (Ti, . . . , T 2 g_i) we find 



(2.55) 



where V acts on the wave vector function as the derivative with respect to £2,7-1, 
namely 

d 
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2q-l 

Proof: Observe that we have, for T 2 g_i = (0, . . . , 0, 1), Q2-,T 2 q-i = (^2;T 2 We 
start proving the following equality (see for instance [7]), upon setting C = D 2 + 9: 

= E - 1°°') 3 ^ °- ( 2 ' 56 ) 

Indeed, using the definition of Gel'fand-Dickey polynomials (I2.45p . we obtain 
2Duj = [{&-$)+,£] = = ID 2 +6,(£^)_ 1 D- 1 + (£^)^D~ 2 + . . .], 

forcing 

= u 3 D- 1 - \u'p- 2 + .... (2.57) 
On the other hand, since C = C + , and using (12 . 5 7f) and L = D 2 + 6, conclude: 

= (£^)+£ + {{C^)-C) + = {C^) + C + u,jD - 

and this last equation gives (I2.56P by induction on j > 0. Then we get, using 
(EMI), 



<9$ 



2;T 2 , 



a(z 2 

i=0 ^ ' 



i=0 

3 



This latter gives the first line of V2 ; t 25 _i; the second one is easily obtained by 
acting on the above equation with D and using the equation 



3 (p, ^-kernels, vertex operators and Virasoro 



We start defining some (integrable) kernels generalizing the one given in [2]; 
Definition 3.1. We recall that we denoted with ^fft-r the wave functions associated 

Pi q 

to WpTq an d with $^ To the normalized ones defined by (12.271) . 



Definition 3.1 Given the wave functions we define the integral (p,q)- 



kernels 



>JT,), 



z, z 



D~ l (%. Tq (x,t-,z)^;. Tq (x,t;z') 



(3-1) 



.(kt,) 



p— 1 , p— 1 



z =aVp 



(3.2) 
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Note that K^l m \\, A') = K^ t (A, A') in [2]. In the following, given a vector 
T q = (T p+ i, . . . , T p+q ) as in Definition 12. 4[ we extend it to an infinite vector 
(Ti,T 2 ,T 3 , . . .) imposing T k = W k < p and k > p + q. Since, by (12. lip and 

by (12.81) we have for all t and T q : 



. r p ( t =f [z 1 



T p ( t 



where r p denotes the tau function going with = VV p .^ and remember fj 
+ Sax . Thus, (13. ip and (13. 2 p immediately yields the crucial identity 



<f ?) (A, A') = i^ (1)) (A, A'), with ~ tj = t, + %Tj - -^W (3.3) 

For sake of clarity we will report here, slightly rephrasing it, Proposition 3.3 of 
[2]. This proposition together with (13.31) will give us the new Proposition 13.31 
below. In the following we denote (: : means normal ordering) 

Wf >(t) = A + (-*)*_,, flf >(t) = ■ Wi l \t)wf\t) : -(£+ l)wf } (t) 

1 i+j=£ 
j — 1 

and Co ,• = oi ,■ — . 

Now introduce the KP vertex operator 

X (t,y,z) := -J-e^^-^^e^^"- 2 ")^. 
z - y 

Given a p-reduced tau function r(t) and a disjoint union of intervals : = 
U[=i[ a 2i-i) a 2i] C M + define another function Ts(t): 



/i / dz X(i; wz, u/z) 

JE 1 /p 

where Ep := {x G R + s.t. x p G E} and a;, a;' are two distinct p-roots of unity. 



r B (t):=e " El/P r(t). (3.4) 
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Proposition 3.2 Consider a disjoint union of intervals E := Ui=i[ a 2i-i) a 2i] C 



R + and the Fredholm determinant det{l — 2ti nK^ 1 ^ X E ) . The following equality 
is satisfied 



det(l- 2nj2K^ (1)) X 1 



t p ,e (t) 



(3.5) 



where we recall that := ti+xSi^, while t p<e and r v are p-reduced KP tau function 
satisfying the following Virasoro constraints for every j > 0: 



P 



2p 




r P (t') 




Here t' i = t i + ^5 itP+1 . 



This proposition is exactly the same as Proposition 3.3 of [2] since, as we said 
before, K^ 1)] (X, A') = K^X, X'). Also the Virasoro constraints are the 
same as in (3.9) of [2] since the shift in the argument of the tau function t — > 
t' makes the missing term W^ +l disappears in (13. 6p . Note that the Virasoro 
constraint holds for all t; hence using the formula (I3.3p we can extend Proposition 
!3.2l to all the kernels K^^ q \X, A') simply shifting KP times, which of course shifts 
G Gr by the KP flow. Thus from Prop osit ion 13 . 2 1 and formula (I3.3P conclude: 



Proposition 3.3 Consider a disjoint union of intervals E := Ui=i[ a 2i-i) a 2i] C 
]R + and the Fredholm determinant det(#— 27TfiK^ p ^ r ^X E ) . The following equality 
is satisfied 

det{U-2^K^X E ) = T J^l. (3.7) 

Tp (t*) 

where r V)E and r v are the p-reduced KP tau function described in Proposition }^ '. 6 A 
satisfying the Virasoro constraints 113.6}) with t' — > t* with t* := t^ + ?Tj. 

Note that Proposition 13.31 includes as a special case Proposition 13. 2^ for T q = 
(S p +i,j)^ =1 - Our kernels K^^^ are given in a rather abstract form in Definition 
13. lj now we want to prove that they can be nicely expressed as integrable kernels 
a la Its-Izergin-Korepin-Slavnov p2]. Given three functions y(x), z(x); 9(x) we 
define some differential polynomials Bi(y, z; 9) by the formulas 

k 

B (y, z; 9) = 0, B k+1 (y, z;9) = ]T D k ~ i y(—D) i (9z) (3.8) 
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so that the first ones read 

B (y, z; 9) = 0, B 1 (y, z; 9) = 9yz, B 2 = 9(y'z - yz') - 9'yz 

and so on. Given a differential operator L = 'Y^ = Q9 i (x)D % we also define the 
following operation on a pair of functions y, z: 



[v,Al '■= ^2Bi(y,z;9i). 



(3.9) 



i=0 



The following fact goes back at least to Lagrange (see for instance [B]); we will 
denote with L* the adjoint of L. 

Lemma 3.4 Given a differential operator L := Y^=o@i( x )D l and two arbitrary 
differentiate functions y(x),z(x) the following Wronskian equation holds: 



D[y,z] L = (Ly)z-y(L*z). 



(3.10) 



Proof: It suffices, by linearity, to do the case L k := 9D k+1 , k > 0; which we do 
by induction on k. Compute, using the induction hypothesis, 

(9D k+l y)z = 9{D k y')z = y'(—D) k (9z) + DB k (y>, z; 9) 

= y(-D) k+ \9z) + D(y(-D) k (9z) + B k (y', z; 9)), 



and so (I3.10p holds for L k if and only if we have 

B k+1 {y, z- 9) = B k (y f , z; 9) + y(-D) k (9z) 



(3.1i; 



with B (y, z\ 9) = 0. On the other hand it is easy to see, again by induction, that 
formula (13. 8p for B k+ i(y, z; 9) is the unique solution of (13.111) with B (y, z; 9) = 0, 
thus concluding the proof. ■ 

Proposition 3.5 The integral kernels K^ > ( Fq \\, A') can be written in the inte- 
grable form 



p;J-V 



J ^T,(*.t) 



Uzp - zp) 



^ Pi 1 q Pi 1 q 



(3.12) 

where $^ T(J are the normalized eigenf unctions o/£^ T(j of the Lax system 
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Proof: The following equality, coming directly from f 12 . 2 T|) and Definition 13. 1[ 
holds: 



z =aVp 



Multiplying by zP - z p ) and using (12.291) and (I3.10P we get the following chain 
of equations: 

(zV-znDK^\\,\') = 

= \ (-K?S X ^ Z ') { C P;T q %,T q ) (x,t;z) + <f>- Tq (x,t;z) (c+ T S+ T> ) (x,t;z')) 
1 



-D 

i 



so that, integrating once, we get (I3.12p . 



(3. 



4 Examples from random matrix theory and the 
Ising model 

4.1 Higher order Tracy— Widom distributions 

The most interesting case for applications in random matrix theory is for p = 2. 
In this case we have -82(2/, z; 1) = y'z — z'y =: {y, z} x , C>2:T q is self-adjoint and so 
&t-T q ( x 'i z ) = ®2T q ( x 'i ~ z ) as a consequence of the absence of even times in the 
KdV hierarchy. Hence we get from ( 13. lOj) and (13.121) 



{ $ 2;T 9 (^-^$2;T 9 (^)} x ^ 



x: z 



1 
-1 



i(z' 2 — z 2 ) 



Hz" 2 — z 2 ) 



where $ 2 -t ? s °l ves the Lax system for the PI hierarchy 





2;T 



2;T > 



<9(; 



(4.i; 



(4.2) 



with U, V^t, explicitly given in (I2.52p . Hence these are the same kernels studied 
in [TTJ , with q = 2q — 1 . 

In particular consider the case q = 3 with T 5 := (— 1,0,0,0,^), 



t / i 



U,T 5 = Ct,T 5 = D 2 + 2y(x,t), ±Qt,T 5 = -~[£iT 5 + ™ RtJ ■ (4-3) 



2 
24 



+ 30 



From f l2.48p - fl2.5ip conclude that y(x,t) satisfies the string relation 



= x + c 3 - tui(y) + j=uj 3 (y) = x + c 3 - ty + — [5y + -yy" + -y + -y 



15 



30 



(4.4) 

which is often called PI 2 , being the second member of the Painleve I hierarchy. 
From (12.541) and (12. 55ft we have in this case 



^2;(-f,0,0,0i) 



-V 2 ;(l) + —V>, 



2;(0,0,0,0,1) 



1 

240 



2 ' y ' 30 

[Az 2 y' + I2yy' + y'") 8z A + 8z 2 y + 12y 2 + 2y" - 120t 
f(y) (Az 2 y'+12yy' + y>") 



(4.5) 



with 



/(y) := 8z 6 - 8yz 4 - {Ay 2 + 2y" + 120t) z 2 + 16y 3 + 4yy" - 2{y'f + 240x + 240c 3 . 

So, setting c 3 = 0, this is the same case as the one studied in [T2] (see equations 
(1.16), (1.17)). Indeed, from f)2.34p . conclude that as z — > oo 



2,(-|,0A0i) 

and so setting 



ls (x 7 0;-z) = $; 



'30 > 



e X;J +3 Z 105 ; 



V-47TZ 



5 



! + £>(- 



(4.6) 



$!(2 2 ;x,t) := v /= 2^Fe t $ 2;Tg (x, t; 2;), $ 2 (2 2 ; x, t) := — ^{z 2 , x, t), (4.7) 

one also finds the s, t) appearing in [12]. 

More generally, consider the general cases from [11], q — Ak + 1: 



2fc+l 



(4i 



3=1 



Again the string relation (12.511) is a member of the PI hierarchy, namely PI 2k . 
Not only do we have the Lax system for the PI hierarchy (14.21) . with V^t^+i 
given by ( 12. 55ft . but in addition (setting tj = 2 Tj) we also find from Remark |2~71 
and f l235|) that 



(x,t:z) 



Of 



2j+l 
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(4.9) 



with V2 ; t 2j+ i given by (I2.52p . Now as z — > oo 

= ^je— (l + O (i)) (4.10) 

and as before set 

d 

^(z 2 : ,diT 3 , . . . , d 2 fc + iT 4fc+3 ) = v /Z 2^e~^$+ T4fc+i (x,0;-2;), $ 2 = t^$i 

^ (4-11) 

for appropriate constants d±, . . . , c?2fc+i to find the s, t) of [TT] . 
4.2 The Ising model: p = 3 and 4 

Next we consider the case, coming from a realization as a two-matrix model of 
the critical Ising model (see [15] and references therein). The model comes from 
the string equation 

[^3;T 4 ' ^3;T 4 ] = 1 

for the Lax operators 



£Jt 4 = (D 2 -u)l + ^w = D 3 -^uD + ^(2w-u f ) 
Qt,T 4 =(<!)+ + T 5 (4| 4 ) + , (4.12) 

= D 4 — (D 2 u + uD 2 ) + (wD + Dw) + -u 2 - -u (lv) + T b (D 2 - u) 

2 6 

with 

u = --d 2 x log r 3 , w = d x d 2 log r 3 , 

so that, in our notation, we have T 4 = (0,T 5 ,0, 1). The string equation f)2.24p . 
using Proposition 12.8} has a solution of the form 



3 3 „ 3 



-w" - ^uw + ^T 5 u; + t 2 = 



1 f»'»,"\ 3 ,, 3 . r, 1 o 1 r> ,, N 3 



(4.13) 



-H 



- ^im" - ^K) 2 + -m 3 - -T 5 (3u 2 - u") + % 2 + x = 0. 



I 12 4 16 v ' 4 4 v ' 2 



The last case we consider is related to the so-called tricritical Ising model (see 
again [15]) and comes from the string equation 
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for the Lax operators 
£+ Ts = (_D 2 — u) 2 + wD + Dw + v, 

(4.14) 

Qt,T 5 = (CtlJ + = ((D 2 -u)l) + + ^(wD 2 + D 2 w) + ^(vD + Dv)-^uw, 
with 

1 4 1 

u = --<9 2 log t, w = d x d 2 log r, v = -d x d 3 In r - In r + 2(<9 2 In r) 2 , (4.15) 

so that, in our notation, we have T 5 = (0,0,0,0, 1). The string equation (I2.24p 
leads to the system of ODEs (recall that we denoted the j-th Gel'fand-Dickey 
polynomial cuj, see (I2.45P ) 

( ( u\ 5 ,, 5 5 9 3 
2 ^{-2) + 8 V -l UV+ 4 W + 2 t3 = ° 

, 1 (iv) 5 „ 5 „ 5 5 2 , , n 
< -itr ; — - (uw) — -uw — -vw + -u w — At 2 = v 

4w 4 (--) + —v {iv) + -v 2 + — u 2 u - -{uv" + itV + W) - -ww" + -w 2 u - -Uu + t x = 0. 
I 4 V 2/ 16 8 8 8 V ; 4 4 2 31 

(4.16) 



5 Nonlinear PDEs for (p, g)— kernels. 

As it was the case for the previous article [2], also in this case Proposition 13.31 
gives a method, combining it with the equations of the KP hierarchy, to derive 
nonlinear PDEs for the Fredholm determinants det(l — 27ifiK^ Tq ^X E ) , 

most ti =0 

which however explicitly depend on the solutions to the string relations. In this 
section we shall work on a few examples of physical interest. We start recalling a 
few facts, see [2]. In the following, for every % £ N, we denote di := 

Lemma 5.1 The bilinear identity for KP \2. S\) generates two strings of Hirota 
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lations^ 



= Z7=oPj(y)Pi + i(dt)e-^?y^ T oT (51) 

= E^i Ve {pe+i(dt) - fadt) tot 

+ Y1T=2 ViVi-i (pi+i{dt) - \d2di-1 - \dipi(d t )) tot + 0(yf), 

which are independent, for £ > 5. The first string, denoted symbolically by Yi, is 
the standard KP hierarchy and we will denote twice the second one minus twice 
the first one by Y li ^_ 1 

: (p i+1 (d t ) - ^dxd^ro r = 0, Y M _i : (did t - ~<9 2 <%!-l - %> £ (<9 t ))r o r = 0. 

(5.2) 

Lemma 5.2 The Hirota symbols corresponding to the coefficients of Lemma \5.1[ 
with the noncontributing odd terms removed are, up to a constant, as follows 

Y 4 : -3di<9 4 + 2d 2 d 3 + d 2 d% 

Y M : -ifcfc+iftft + iflg-JL^ft-^ (5.3) 

4Y M + 10Y 5 : 1^4-29^5 + 191 + 1^3 + 1^, 
whose action on r or yields the following differential equations for U = logr: 



9 We recall the standard notation for the Hirota symbol of two functions / and g, associated 
with any polynomial of many variables 

/ d d \ 

p(di,d 2 ,.. .)fog := p I — , — , . . . I f(t x +yi,t 2 + V2,-- -)g(ti - yi,t 2 - y 2 , ■ • -)| {j/i}=0 - 
Also the t' here has nothing to do with the one in Proposition 
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3<9i<9 4 C/ + 2d 2 d 3 U + dfd 2 U + 6(^t/)(5 1 9 2 C/) = 



Yi, 4 



-<9i<9 5 £/ + 7 ^C/ + 12(^C/) 3 + Q{dtU){dlU) + 9<9 2 <9 4 £/ 
5 5 



4B$U + 2^9 3 C/ + 12(^C7)(9i5bZ7) = 



4Y M + 10Y 5 




+ <9 2 ^[/ + 4(<9i<9 2 f/) 2 + 2(<9?f/) (<9 2 f/) = 0. 



(5.4) 



We can start with our examples. In the following, given an ordered collection 
of points ai, 02, . . . , a m , we denote with E the collection of intervals with aj as 
endpoints; namely if m = 2k is even E := U*L 1 [a2i-i, a 2 i]; otherwise, if m = 2k + l 
is odd, E := (uf =1 [a 2i _i, a 2i \) U [a 2fc+ i,oo) or E : = (-00, ai] U (u, fc =1 [a 2i , a 2i+1 ]). 
Also we will denote 9 := ^™ x and £ := X]iii a «^"- When a function [/ 
depends on the endpoints of E we write C/ = U(E). 

Proposition 5.3 Let us consider the (2, 3)-kernel ( [^. i| ) mtt T 5 = (— |, 0, 0, 0, 
as m /7^/ . T/ien we have that U(E,x,t) := logdet(if— 2tt^K x 2 ^^X e ) satisfies 



{60dd x U+30td 2 x U-6d 2 U+d t d 2 x U+6d 2 x Ud x d t U+6yd x d t U,d 2 x U} + 6(d 2 x U) 2 d t y = 0; 

(5.5) 



Proof: By (13.61) and (13.71) te and r satisfy (we drop the p = 2 from r p ) 



the PDE 




U — > as s — > 00, 




s — > —00. 



^wS(t*)7s(t* ) = ^(t*), iwS(f)r(f ) = 
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with 

t\ — X, tg = t 3 — -, £5 = £5, tj = t 7 + — , 

so that 

1 / \ 1 £ x 2 

0te = - (^3£ 3 x + 5£ 5 3 + 7£ 7 5 + 9t 2 <9 7 + . . . J r E + g^to - -^d x r E + — r s , 

= ~ (zt 3 d x + 5£ 5 3 + 7t 7 d 5 + 9£ 2 7 + ...y+ -^0 5 r - + ^r, 

hence := Iiite and go := lnr satisfy 

(<9 + ^ x )^ = ^d s g + ^(3t 3 d x + 5t 5 d 3 + ...^g+°^-, 

t 11/ \ a; 2 

2^x5o = gg^tfo + 2 ( 3t a^ + 5£ 5 03 + • • • ) g + — . 



Thus 



/ t \ 1 1 x 

0x f 9 + -0i J g = ^9 x d 5 g + - (3t 3 d x + 5t 5 d 3 + . . .) d x g + -, 

til x 
2 9 * 90 = so dxd5g ° + 2 + 5U ° d3 + " + 2 ' 

and so on the locus £ := {£3 = £5 = £7 = £9 = . . . = 0}, 



0!0 5 = 300^0+^0-152;, (5.6) 

010500 = +15i0i0 O - 15x, (5.7) 

while by Lemma (15.21) applied to the p = 2 case we have that g and go both 
satisfy (denoting with h one of the two): 



4Y!Y 4 + 10Y 5 : -Ad^h + \d 2 3 h + \\d\d 3 h + 4(0 2 fr) (d 1 d 3 h) = 0. (5.8) 
Substituting IjlTBjl . fIBTTD in (jSSJ) we find 

- 1200x00 -6Ot0 1 2 + ^03 2 + ^0 1 2 030 + 4(0 2 0)(0 1 030) + 6Ox = 0, (5.9) 

-6Ot0 1 2 0o + ^03 2 0o + ^0 1 2 030o + 4(0 2 0o)(0i0 3 0o) + 6Ox = 0,(5.10) 
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so that taking the difference of the two equations, we find that U — g — go satisfies 
the equation (setting <9 3 = — 3d t ) 

-\2m x dU-mtdlU+l2d 2 t U-2dld t U-l2dlUd x d t U-l2d x d t g Q dlU-l2d 2 x g Q d x d t U = 

(5.11) 

and this equation (or rather the same one divided by by 2) yields (15. 5p upon 
dividing by —6d 2 U and differentiating with regard to x, since d 2 go = y (see 

(JZ3ID). ■ 

We could also derive PDEs for the cases (4.8) of [IT] in a similar fashion. 

Proposition 5.4 Let us consider the (3,4:)-kernel liS.lty) with T 4 = (0,T 5 ,0, 1), 
going with the critical Ising model. Then we have that 



V(E,x,t 2 ) := logdet(l- 27rfiK x 3 ' t Ti) X E ] 
satisfies the PDE 

3T 5 d 2 d x V-3dd x V+d^d 2 V + 6(d 2 x V)(d x d 2 V)-12u(d x d 2 V) + 6wd 2 V = 0, (5.12) 
with u,w satisfying the string relations h4-13\ ), and V — > as E — > 0. 

Proof: By (13. 6ft and (13 .7h te and r satisfy (again we drop the p = 3 from t p ) 



VifCt*) - c 3 ) r E (t*) = dr E (t% (\w^(t*) - c 3 ) r(t*) = (5.13) 

with 



6 ' / K ' y ' V6 



3 3 

t\ = x, t* 2 = t 2 , t* 4 = t 4 , t* 5 = t 5 + -T 5 , t* 7 = t 7 + -, t* = U Vz > 8. 
so that, setting g = lnr^ and go = lnr we get equations 

dg = -(U 4 d x + 5t 5 d 2 + 7t 7 d A + ...) + d 4 g + T 5 d 2 g, 
= -(4d 4 d x + 5t 5 d 2 + 7t 7 d 4 + ...) + d 4 g + T 5 d 2 g , 

and so on the locus C := {£4 = £5 = t 7 = . . . = 0} we get 

d x d 4 g = d x (d - T 5 d 2 ) g, d x d<ig = d x (d - T 5 d 2 ) g . (5.14) 
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While by Lemma |5T2| using the equation Y 4 combined with ( I5.14p . we obtain that 
g and go satisfies 

d x d 2 g + 6{d 2 g)(d x d 2 g) = 3d x (d - T 5 d 2 ) g, 

dld 2 g + Q{d 2 x g Q ){d x d 2 g ) = 3d x (d - T 5 d 2 ) g , 

and from the difference of these two equations we obtain (15.121) . using V = g — go 
and the definitions of u, w in (I4.12p . ■ 

Proposition 5.5 Let us consider the (A,5)-kernel ^3.12^ with T 5 = (0,0,0,0, 1) 
going with the tricritical Ising model. Then we have that 



W(E,x,t 2 ,t 3 ) := logdet(l- 2n^K x f 5) X E ] 



satisfies the PDE 

-d e x W - Ad 2 W + 2d 2 x d 3 W + 12 {d 2 x Wf + 6 (d%W) (d 2 x W) + 12 (d 2 x W) (d x d 3 W) 
o 

-72u (d 2 x W) 2 - \2u{d 4 x W) - 2Au{d x d 3 W) + (9v + 72u 2 - ISu") d 2 x W = —dd x W, 

(5.15) 

with u,v satisfying the string relations ^4-16] ) (together with w). 

Proof: By (13. 6p and ( 13. 7p r E and r satisfy (again we drop the p = 4 from r p ) 



~wi 2 i(t*) - c 4 J r E (t*) = dr E (t*), Qw2(f) - c 4 J r(f) = (5.16) 

with t\ = x, tl = t 5 + 1 and t* — ti, i ^ 1, 5 so that, setting g = In r E and g = In r 
we get equations 

dg = ^(5t 5 d x + 6t 6 d 2 + 7t 7 d 3 + ...) + d 5 g, 
= ~(5t 5 d x + 6t 6 d (i + 7t 7 d 3 + ...) + d 5 g , 

and so on the locus C := {t 5 = t e = t 7 = . . . = 0} we get 

d x d 5 g = d x dg, d x d 5 g = 0. (5.17) 



32 



While by Lemma 15.21 using the equation Y 14 combined with (I5.17p . we obtain 
that g and go satisfies 

l -dtg + 12 (dlgf + 6(%g)(%g) - 4d 2 3 g + 2d%g + 12(d 2 x g)(d x d 3 g) = ™d x dg, 

+ 12 (dig,) 3 + 6(d* x g )(d?g ) - Ad 2 3 g + 2d%g Q + 12(^ )(^^ ) = 0, 

and taking the difference of these two equations we obtain (15.151) . using W = g—go 
and the definitions of u,w,v in (I4.15j) . ■ 
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